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Motivation:
As lattice QCD calculations reach percent and sub-percent
precision, the computation of O ((mu −md)/ΛQCD) and O(αQED)
corrections is essential to match current and future precision
requirements.

This proposal:
Compute at physical pion mass

I QED mass-corrections (∆mπ),

I QED corrections to the (g − 2)µ HVP contribution, and

I charged meson decays in QCD+QED

within a uniform framework that is optimized for statistical
uncertainties, re-use of costly propagators, and the control of
finite-volume errors.
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Objectives. Currently one of the most important indications of new physics is the persisting
⇡ 3.6� tension between the standard model (SM) prediction and the experimental result for the
muon anomalous magnetic moment. For this reason it is now one of the main targets of the US
HEP experimental program and the Fermilab experiment E989 aims to reduce the experimental
uncertainty by a factor of four. Separating out the individual components of the current SM
prediction

Contribution Central Value ⇥1010 Uncertainty ⇥1010

QED 11 658 471.895 0.008
EW 15.4 0.1
HVP (Leading-order) 692.3 4.2
HVP (Higher-order) -9.84 0.06
HLbL 10.5 2.6

Total SM prediction 11 659 180.3 4.9

BNL E821 result 11 659 209.1 6.3
Fermilab E989 target ⇡ 1.6

illustrates that a reduction of the uncertainties of the hadronic vacuum polarization (HVP) and
light-by-light (HLbL) contributions is crucial to match the anticipated experimental precision.
Keeping in mind that the Fermilab experiment may have early results around 2018, a dedicated
theory e↵ort at this time is essential to make sure that the scientific impact of the experimental
e↵ort is not hurt.

Attaining such precise predictions is a task of utmost complexity. The current SM prediction
for the hadronic contributions, in particular for the HLbL, is strongly model dependent and needs
to be improved before it is ready to be compared to the new experiment. Therefore, I propose a
first-principles computation of both the HVP and HLbL contributions based on lattice QCD.

These lattice QCD techniques are the only known framework to systematically reduce the un-
certainties originating from non-perturbative strong interactions to ever higher precision. In recent
years lattice QCD simulations with active light sea-quarks at physical pion masses, large volumes,
and fine lattice spacings have become possible through substantial progress both in computing
hardware and methodology. This has led to determinations of a large number of observables sig-
nificantly below or at the per-cent level with fully controlled errors. Examples such as the neutral
kaon mixing parameter BK or light flavor decay constants and form factors are summarized in
Ref. [1]. The explanation of the technological approach of this proposal given below, including a
significant amount of novel and unpublished ideas, attempts to outline a path that should allow
both the HVP and HLbL calculation to achieve a similar success.

I am currently principal or leading investigator in three HVP and HLbL computing allocations
utilizing US hardware resources through USQCD and ALCC [2]. As indicated by the list of talks
at the Lattice 2015 symposium held in Kobe this year, I am part of the only US group actively

1

FNAL E989 may have
early results around
2018Lattice status:

HLbL Our progress: PRL114 (2015) 012001, PRD93 (2016) 014503,
about 10% stat.err., a→ 0 and disc. in progress, V →∞ to be done

HVP connected at δaHVP,C
µ ≈ 7× 10−10 in 2016/2017 (HPQCD

arXiv:1601.03071 and our preliminary results, see proposal Blum)

HVP disc. at δaHVP,D
µ ≈ 4× 10−10 in 2015 (our result in

arXiv:1512.09054), methodology allows for factor 4 improvement

HVP QED corrections not yet computed, estimated at

δa
HVP,E/M
µ = O(10× 10−10); target in this proposal, timely calculation

needed
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Commonalities of target observables:

Reminder – diagrams for charged meson decay:
13
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FIG. 5: Connected diagrams contributing at O(�) contribution to the amplitude for the decay

�+ � �+�l.

Having determined A0 and hence the amplitude ū⌫� �(p⌫�)(M0)�� v� �(p�), the O(�0) con-

tribution to the decay width is readily obtained

�tree
0 (�+ � �+��) =

G2
F |Vud|2f 2

⇡

8�
m⇡ m2

�

�
1 � m2

�

m2
⇡

�2

. (20)

In this equation we use the label tree to denote the absence of electromagnetic e�ects since

the subscript 0 here indicates that there are no photons in the final state.

B. Calculation at O(�)

We now consider the one-photon exchange contributions to the decay �+ � �+�� and

show the corresponding six connected diagrams in Fig. 5 and the disconnected diagrams in

Fig. 6. By “disconnected” here we mean that there is a sea-quark loop connected, as usual,

to the remainder of the diagram by a photon and/or gluons (the presence of the gluons is

implicit in the diagrams). The photon propagator in these diagrams in the Feynman gauge

and in infinite (Euclidean) volume is given by

�µ⌫�(x1, x2) = �µ⌫

�
d4k

(2�)4

eik·(x1�x2)

k2
. (21)

In a finite volume the momentum integration is replaced by a summation over the mo-

menta which are allowed by the boundary conditions. For periodic boundary conditions,

we can neglect the contributions from the zero-mode k = 0 since a very soft photon does

Figure 2: Quark-connected diagrams for f⇡.

the IR divergence from the lattice simulation and then correct for the sub-
traction in infinite volume. Fig. 4 shows the e↵ective-field theory diagrams
including real photon emission diagrams of Ref. [6]. We will follow the pro-
posal of [6] to regulate the IR divergences.

2.3 QCD correlation functions

In this section we give further details on the implementation of the QCD
correlation functions. We propose to compute the two-, three-, and four-
point functions

Cab
2 (z) = hOa(z)Ob(0)i , (1)

Cab;µ
3 (x, z) = hOa(z)Ob(0)jµ(x)i , (2)

Cab;µ⌫
4 (x, y, z) = hOa(z)Ob(0)jµ(x)j⌫(y)i (3)

with

Oa(z) = q̄(z)�aq(z) , jµ(x) = q̄(x)�µq(x) , (4)

and spinor matrix �a. These QCD correlation functions su�ce to provide the
necessary QCD input to compute all three QCD+QED quantities of interest.
For the most complex case of the pion decay constant the diagrammatic
representation of all Wick contractions is given in Figs. 2 and 3.

It should be noted that the current jµ(x) is the local and not the con-
served lattice current. This allows us to save approximately a factor of Ls in
cost for our proposed strategy. While for the calculation of Ref. [5] we were
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FIG. 6: Disconnected diagrams contributing at O(�) contribution to the amplitude for the decay

�+ � �+�l. The curly line represents the photon and a sum over quark flavours q, q1 and q2 is to

be performed.

not resolve the structure of the pion and its e�ects cancel in �0 � �pt
0 in Eq. (3). Although

we evaluate �0 + �1(�E) (see Eq. (2)) in perturbation theory directly in infinite volume,

we note that the same cancellation would happen if one were to compute �1(�E) also in a

finite volume. Moreover from a spectral analysis we conclude that such a cancellation also

occurs in the Euclidean correlators from which the di�erent contributions to the decay rates

are extracted. For this reason in the following �0 and �pt
0 are evaluated separately but using

the following expression for the photon propagator in finite volume:

�µ⌫�(x1, x2) = �µ⌫
1

L4

�

k= 2�
L

n; k �=0

eik·(x1�x2)

4
�

� sin2 k�

2

, (22)

where all quantities are in lattice units and the expression corresponds to the simplest lattice

discretisation. k, n, x1 and x2 are four component vectors and for illustration we have taken

the temporal and spatial extents of the lattice to be the same (L).

For other quantities, the presence of zero momentum excitations of the photon field is a

subtle issue that has to be handled with some care. In the case of the hadron spectrum the

problem has been studied in [22] and, more recently in [3, 4], where it has been shown, at

O(�), that the quenching of zero momentum modes corresponds in the infinite-volume limit

to the removal of sets of measure zero from the functional integral and that finite volume

Figure 3: Quark-disconnected diagrams for f⇡.

able to argue that the choice of local currents only modified discretization
errors, for the calculations proposed here also the renormalization proce-
dure for quark masses and wavefunctions will be modified. Since we have
to perform such a renormalization procedure in either case and no new
counter-terms arise due to the use of the local current, this does not add
further complexity to our calculation. An additional advantage of using the
local current is that the quark loops with a single photon vertex necessary
for the quark-disconnected contributions can be re-used from our successful
calculation of the HVP disconnected diagram on the 483 ensemble [2].

The full QED corrections are obtained by sampling the photon vertex
positions x and y from an optimized distribution as successfully applied in
Ref. [5]. We then combine the QCD correlation functions with the pho-
ton propagators to create the full amplitudes. Here we can now make full
use of the proposed setup and combine the amplitude with di↵erent QED
prescriptions.

For the mass splittings the QEDL prescription of Ref. [4] may su�ce since
the 1/L and 1/L2 corrections are universal and therefore exactly known. For
the QED corrections to the HVP, e.g., where no such precise correction is
possible at the moment, the improved photon propagators of [3] will allow us
to suppress potentially large finite-volume errors. In Ref. [3] initial results
for the suppressed volume errors based on last year’s allocation were shown.

5

Diagrams for pion mass-splitting and QED corrections to the aµ HVP
contribution are essentially a subset of the above diagrams with different
spinor structure at the operators.

This proposal: Sample random source positions for point source
propagators and let the source be two opposing vertices in the connected
QCD four-point functions. Same propagators can also be used for all
three-point, two-point, and disconnected contributions.
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Differences in infrared:

Charged meson decays have IR divergences that need to be regulated and
canceled against soft photon emission:

21

FIG. 9: Radiative corrections to the pion-lepton vertex. The diagrams represent O(�) contribu-

tions to �pt
0 . The left part of each diagram represents a contribution to the amplitude and the

right part the tree-level contribution to the hermitian conjugate of the amplitude. The correspond-

ing diagrams containing the radiative correction on the right-hand side of each diagram are also

included.
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(d) (e) (f)

FIG. 10: Diagrams contributing to �1(�E). For diagrams (c), (d) and (e) the “conjugate” con-

tributions in which the photon vertices on the left and right of each diagram are interchanged are

also to be included.

and r� = m�/m⇡. These diagrams correspond to the diagrams Fig. 5(e) and Fig. 5(f) in the

composite pion case.

Next we give the contributions to �1(�E) where the real photon is emitted and absorbed

by the pion (��), the charged lepton (��) or emitted by the pion and absorbed by the lepton

or vice-versa (��). The results are presented in the Feynman gauge:

�

r

��µ(k, r) �⌫(k, r) = gµ⌫ , (43)

where �µ(k, r) are the polarisation vectors of the real photon carrying a momentum k, with

k2 = 0 in Minkowski space.

• Real photon emission, ��: The contribution to �1(�E) from the emission and absorption
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��µ(k, r) �⌫(k, r) = gµ⌫ , (43)

where �µ(k, r) are the polarisation vectors of the real photon carrying a momentum k, with

k2 = 0 in Minkowski space.

• Real photon emission, ��: The contribution to �1(�E) from the emission and absorption

Figure 4: Soft-photon emission in e↵ective field theory.

2.4 Measurement strategies

As outlined above, we are proposing to sample the photon vertex positions
following an importance sampling strategy similar to Ref. [5]. We are cur-
rently testing the code for the perturbative QED implementation on the 163

and 243 ensembles with high statistics at heavy pion mass. This test should
be completed before the new allocation period begins.

In the proposal period, we then intend to measure on the physical point
483 ⇥ 96 and 643 ⇥ 128 Mobius DWF ensembles generated by the RBC
and UKQCD collaborations with m⇡ = 140 MeV and a�1 = 1.73 GeV and
a�1 = 2.36 GeV, respectively. The 483 ensemble was also recently been suc-
cessfully used by the PI in Ref. [2] to compute the HVP quark-disconnected
contribution. By doing the proposed calculation on both ensembles, we can
control for potentially substantial discretization errors which in tests us-
ing heavier quark mass in the hadronic light-by-light calculation of Ref. [5],
using a similar setup, were of the order of 20%.

The advantage of the physical point ensembles is that no chiral extrapola-
tion is needed, which is crucial for the targeted phenomenologically relevant
calculation of the QED corrections to the HVP contribution to aµ for which
no reliable analytical guide to the chiral behavior exists.

We will save the propagators for future use such that the proposed strat-
egy with randomly sampled photon vertex positions will allow us and others
to add QED corrections to other important physics targets that utilize the

6

Divergences can be com-
puted in EFT Carrasco et
al. 2015

The 1/L and 1/L2 corrections for mass shift are universal and can be

subtracted exactly; the remaining error in QEDL regulator (~k = 0
subtraction) is O(1.5%) for our setup.

For QED corrections to aµ HVP we have no analytic knowledge of 1/Ln

corrections at this point.

This proposal: factor QCD and QED in a way that we can trivially change
the QED infrared regulator offline. Use also improved twist-averaged
QED∞ regulator to suppress finite-volume errors (C.L. lattice 2015).
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Propagator strategy: We randomly sample M four-dimensional positions
of point-source propagators on N configurations. We use local vector
currents to couple the photons. The propagator source positions serve as
vertex/operator positions. The use of local currents modifies but does
not complicate our renormalization procedure.

In this random sampling strategy we can

I optimize the probability distribution from which we draw to reduce
statistical noise,

I combine different pairs of point-source propagators to effectively
increase our statistical sample from O(M) to O(M2) samples of the
diagram, and

I expose the quark-photon vertex positions explicitly such that we can
use different QED infrared regulators offline (such as by
re-combining with different photon propagators; for multiple quark
loops an additional subtraction step is needed). This gives additional
insight into, e.g., errors associated with the finite simulation volume.
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The importance sampling and “M2” strategy was recently
successfully used in our HLbL calculation (L. Jin et al. 2015) to
reduce the statistical noise for the HLbL at same cost by more
than an order of magnitude:

All results below are from: T. Blum, N. Christ, M. Hayakawa,
T. Izubuchi, L. Jin, and C.L., arXiv:1510.07100

Compute quark-connected contribution with new computational
strategy

Figure 9. A comparison of the results for F2(q
2)/(�/⇡)3 obtained in the original lattice QCD

cHLbL calculation [17] (diamonds) with those obtained on the same gauge field ensemble using the

moment method presented here (circles). The points from the original subtraction method with

q2 = (2⇡/24)2 = (457MeV)2 were obtained from 100 configurations and the evaluation of 81,000

point-source quark propagators for each value of the source-sink separation tsep. In contrast, the

much more statistically precise results from the moment method required a combined 26,568 quark

propagator inversions for both values of tsep and correspond to q2 = 0. The moment method value

for tsep = 32 is listed in Tab. IX.

make use of the most e�ective of the numerical strategies discussed above: the use of exact

photon propagators and the position-space moment method to determine F2 evaluated at

q2 = 0. Since these calculations are less computationally costly than those for QCD we

can evaluate a number of volumes and lattice spacings (all specified with reference to the

muon mass) and examine the continuum and infinite volume limits. We can then compare

our results, extrapolated to vanishing lattice spacing and infinite volume, with the known

result calculated in standard QED perturbation theory [33, 34]. This QED calculation both

serves as a demonstration of the capability of lattice methods to determine such light-by-light

scattering amplitudes and as a first look at the size of the finite-volume and non-zero-lattice-

spacing errors.

In Fig. 10 we show results for F2(0) computed for three di�erent lattice spacings, i.e.

39

yields more than an order-of-magnitude improvement (red
symbols) over previous method (black symbols) for a factor of ⇡ 4
smaller cost.

21 / 26
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The improved QED∞ regulator can be used to reduce finite-volume
errors in general QCD+QED simulations in the same way that the
2003 PRL by Blum did for the QCD HVP contribution.

Numerical tests confirm this for the QED mass shift both in scalar
QED (left) and the mass-shift at heavier pion mass in QCD (right):
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� Discuss and categorize QCD+QED finite-volume errors,
introduce QED1

� To be published soon

� Outlook: self-energy diagrams, statistics, dynamical
QCD+QED, decay constants, complete (g � 2)µ HLbL
infinite-volume study
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Figure 1: Improved finite-volume behavior of the QED mass shift using the
improved photon propagator QED1 of Ref. [3] for a scalar QED test (left)
and a QCD test with 163⇥32, m⇡ = 420 MeV, and a�1 = 1.73 GeV (right).

with improved photon propagators obtained from a twist-averaging proce-
dure. This allows us to improve the dominant QED finite-volume uncertain-
ties by recombining our measured QCD correlators with di↵erent levels of
improvements of the photon propagator.

2.2 Diagrams

In Figs. 2 and 3, taken from [6], we list the quark-connected and quark-
disconnected contributions to the QED corrections to f⇡. The QCD corre-
lation functions necessary for the pion mass splitting and QED corrections to
aHVP

µ are related to diagrams 2(a, b, c) and 3(a, b, d, e) with di↵erent spinor
structure in the operators. A detailed derivation of the common QCD cor-
relation functions to be computed for all three observables is given below in
Sec. 2.3.

The perturbative treatment of QED allows us to control the finite-volume
errors and infrared divergences as discussed in Refs. [3] and [6]. Furthermore,
it allows us to employ an importance sampling strategy including the so-
called M2 trick that we successfully used in Ref. [5] which allowed for a
reduction of statistical noise by more than an order-of-magnitude compared
to the use of a stochastic photon propagator.

For the computation of f⇡, there is an additional complication since the
inclusion of real soft photon emission diagrams is necessary to remove IR
divergences. Reference [6] proposes to use e↵ective field theory to subtract

3

A more detailed discussion is given in my 2015 lattice talk that is linked in the project homepage.
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Ensembles and cost

We plan to compute on 30 configurations of our 483 (a−1 = 1.73 GeV) and 643

(a−1 = 2.36 GeV) Mobius DWF ensembles at physical pion mass. We use an
AMA/zMobius strategy to reduce our computational
cost significantly. Our request for CPU hours on pi0 (need the 128 GB/node memory) is:

setup satisfies our memory requirements. Taking into account our experience
in the production run of Ref. [2], the increased size of eigenvectors for the 643

ensemble, and initial discussions with the Fermilab cluster administrators,
we will be able to do stable running including the necessary eigenvector data
transfer using the local scratch disks of the pi0 nodes.

We are also asking for 76 TB temporary disk space that will be shared
with the HVP proposal by RBC/UKQCD or 3 Mio Jpsi-equivalent core-
hours.

12 sloppy 483 solves on 192 pi0 nodes 440 seconds
12 exact 483 solves on 192 pi0 nodes 2200 seconds

Number of configurations 30
Number of sloppy solves per configuration 150 ⇥ 12
Number of exact solves per configuration 15 ⇥ 12
Cost of 643 run divided by cost of 483 run 3.16

Total computational cost on 483 for sloppy solves in Mio Jpsi-core hours 5.3
Total computational cost on 483 for exact solves in Mio Jpsi-core hours 2.7
Total computational cost on 643 for sloppy solves in Mio Jpsi-core hours 16.7
Total computational cost on 643 for exact solves in Mio Jpsi-core hours 8.5

Total request 33.2 Mio Jpsi-core hours

Table 1: Cost estimates for the proposed computation. We intend to use an
AMA [9] setup with parameters described in this table.

4 Shared Data and Exclusivity

We will make the five-dimensional propagators needed to add the quark-
photon vertices available to the entire collaboration for non-competing projects.
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We also request 76 TB temporary disk space to buffer eigenvector data and 252 TB
tape storage to save the propagators for future re-use (cost of generating the sloppy
propagators on pi0 is about a factor of 80 more than reading them from disk).

We are able to leverage our HLbL calculation at Argonne (ALCC) that generated
zMobius/Mobius eigenvectors for the 483 and 643 lattices. The production setup of
transferring these eigenvectors from Argonne to FNAL is well-tested in the current
allocation and produced our HVP disconnected results and the HVP connected
preliminary results shown by Blum. We are ready to start this calculation on July 1st!
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SPC questions and answers



1) What is your expected precision for the QED corrections for the
three types of quantities you plan to calculate?
We expect a total uncertainty of O(10-20%) for all three quantities.

2) In your proposal you state that you were still testing your
perturbative QED code. What is the current status of these tests,
and do you still expect that your code will be ready by the start of
the allocation year?
We expect all tests to be completed before July 1st, however, even if
unforeseen delays were to occur, we are ready to start running on July
1st: Our solve time dominates propagator IO time by more than a factor
of 50 such that starting with (the well-tested) propagator generation on
July 1st and defering parts of the contractions until later in the year
would not introduce a noticeable overhead.

3) To clarify your plans for storing the propagators, since you are
requesting only temporary disk space in your proposal, are you
planning to archive the propagators using non-USQCD resources?
The absence of tape storage request in our submitted proposal document
was an unfortunate oversight. We need 252 Tbyte of tape storage for
permanent storage of propagators.
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Thank you


